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Complex-Valued Functions
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Complex Function Expression
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Polar Expression

Ex 1: 

Ex 2:

Sol: 
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Limit of a Complex Function

Definition
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Epsilon-Delta Proof of a Limit

Example:

Proof: 
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Example: Prove that 

Proof: 
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Criterion for the Nonexistence of a Limit
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Ex: 

CE/NCU D.C.Chang 11Complex Analysis: Unit-1.2



Theorem of Limits
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Theorem of Limits
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Example: Compute the limits
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Continuity of a Complex Function

Definition

Remark: A function whose limit exists at a certain point does not imply that it is 

continuous at that point.

Example:
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Real and Imaginary Parts of a Continuous Function
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Properties of Continuous Functions

Remark:
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Derivatives

CE/NCU D.C.Chang 18Complex Analysis: Unit-1.2



CE/NCU D.C.Chang 19Complex Analysis: Unit-1.2



Ex: Show that                 is not differentiable at any point z.

Sol:
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Differentiability Implies Continuity

Proof:

CE/NCU D.C.Chang 22Complex Analysis: Unit-1.2



Differential Rules
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L’Hopital’s Rule
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Analyticity

Definition

Remark:
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Entire Functions

Definition:  A function that is analytic at every point z in the complex plane is said 

to be an entire function.

Theorem 
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Cauchy Riemann Equations

Proof:
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Example 1:

Example 2: Show that the function                                       is differentiable 

everywhere and find         .

Sol:
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Non-analyticity
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Sufficient Condition for Analyticity

Remark:
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Example: Show that                                                    is analytic except at z=0. 

Sol:

(i)

(ii)

(iii) 
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EX 1: Is the exponential function                  analytic? 

Sol:
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EX 2:

Sol:  
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EX 3: Show that

is not differentiable (analytic) at z =0 even though the Cauchy-Riemann 

equations are satisfied at (0,0).

Solution:
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Constant Analytic Functions

Proof of (i):
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Polar Form of Cauchy-Riemann Equations

Let                                    and                                       . The Cauchy-Riemann 

equations are

Proof:  
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Example: Let                   , find          . 

Solution:
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Laplace Equations

Proof:
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Harmonic Functions

Definition

Theorem
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Harmonic Conjugate

Definition

Example: Suppose that

Question: Is u a harmonic conjugate of v? 

Hint: check whether the function g(z)=v+iu is analytic anywhere.
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Finding Harmonic Conjugate for an Analytic Function 

Solution:

CE/NCU D.C.Chang 42Complex Analysis: Unit-1.2



Finding Harmonic Conjugate for an Analytic Function 

Ex 1:

Sol: 

(a)

(b)
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Ex 2: Verify that                              is harmonic in the whole complex plane and find 

a harmonic conjugate function v of u. Also find f(z)=u+iv in terms of z.

Sol:
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