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Convergence Sequence
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Example:
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Criterion for Convergence

Example:
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Convergent Series

• Convergent series

• Divergence Theorem
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Absolute and Conditional Convergence

Remark: The absolute convergence of a series of complex numbers implies

the convergence of that series.
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Geometric Series

Proof:
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Example:
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Comparison Test

Proof:
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Example: Show that the following series converges.

Sol:
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Example: Show that the following series converges.

Sol:
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Ratio Test
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Limitation Version of Ratio Test

Remark:
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Proof

Example:
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EX 1: Is the following series convergent or divergent?

Sol:

EX 2:

Sol:
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EX3: 

Sol:

EX 4:

Sol:
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Root Test

Proof:

Remark: limitation version of geometric series 
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Power Series
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Convergence of a Power Series

Proof:
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Circle of Convergence

Example 1:
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Example 2

Example 3
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Radius of Convergence R

Theorem

Proof:
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Ex 1: Find

Sol: 

EX 2: Find the radius of convergence of the power series

Sol:
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Radius of Convergence for Root Test

For a power series                                , the radius of convergence for root test is

Proof:

Example:

中央大學通訊系張大中 23Complex Analysis: Unit-3

1 / ,  where lim | |.n
n

n
R L L a


 

 0 0

0 0 0

0 0

| ( ) | | | | |

absolutely convergent for | | 1

1
| | | | 1 | |

| |

1

| |

n
n nn

n n

n n n

n
n

n
n

n
n

a z z a z z q

q

a z z z z
a

R
a

  

  

   



     

 

  



Ex: Find the circle and radius of convergence of the following power series:

Sol: 



Uniqueness of Power Series

Theorem

Proof:
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Term-by-Term Differentiation of Power Series

Theorem

Proof:
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Integration of Power Series

Theorem

Proof:
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Multiplication of Power Series (Cauchy Product)

Proof:

中央大學通訊系張大中 28Complex Analysis: Unit-3



Example: Find the power series of

Sol:  
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Division of Power Series
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Example: Find the power series of

Sol: 

中央大學通訊系張大中 31Complex Analysis: Unit-3



Taylor’s Theorem

Theorem

Proof:
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Proof of |Rn(z)| →0 as n→

Proof of |Rn(z)| →0 as n→    :
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Maclaurin Series

Definition:

Example: Find the Maclaurin series of tan z.

Sol:
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Radius of Convergence for a Taylor Series

• We can find the radius of convergence of a Taylor series in exactly with the ratio 

test or the root test.

• However, we can simplify matters even further by noting that the radius of 

convergence R is the distance from the center z0 of the series to the nearest 

isolated singularity of  f .

Remark: An isolated singularity is a point at which f fails to be analytic but is, 

nonetheless, analytic at all other points throughout some neighborhood of the 

point. 

Example:
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Theoretical Method for Taylor Series

EX 1: Find the Maclaurin expansion of 

Sol:

EX 2: Find the Maclaurin expansion of     .

Sol:

EX 3: Find the Maclaurin expansion of         .

Sol: 
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sin z



EX 4: Find the Maclaurin expansion of          .

Sol: 

EX 5: Find the Maclaurin expansion of Ln(1+z).

Sol: 
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Substitution Method (Uniqueness of Power Series) for Taylor Series

EX 1: Find the Maclaurin expansion of 

Sol:

EX 2: Find the Maclaurin expansion of 

Sol:

EX 3: Find the Maclaurin expansion of 

Sol:
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EX 4:

Sol:

Note:
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EX 5:

Sol:

Remark: Checking the radius of convergence with the root test, 

中央大學通訊系張大中 41Complex Analysis: Unit-3

2
for 1

1 2

z i

i






1

1

1
lim 1 2 1 2 5

1lim
1 2

n

n

n

n n
n

R i i

i








     





EX 6: Expand 

Sol:
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EX 7: Find the Taylor series and its convergence region of the following function with 

center          . 

Sol:
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Laurent Series

Motivation

Example
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Laurent’s Theorem
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Proof of Laurent’s Series

Proof:
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Theoretical Method 

Example: Find the power series of                             . 

Sol:
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Substitution Method

Although                      is analytic for |z|>0, but is not analytic at z=0. Thus, the 

Maclaurin series does not exist from the theoretical method.

However,      for            has the Maclaurin series as

From uniqueness of power series, the representation of          in power series can be 

obtained as

For all z such that |z|>0.
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EX 1: Find the Laurent series of          with center 0. 

Sol:

EX:
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EX 2: Find the Laurent series of                for (a)           (b)          .

Sol:

EX 3: Find the Laurent series of                   .

Sol: 
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EX 4:

Sol:
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Find the Laurent series of                             . 2
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EX 5: Find the Laurent series of                            . 

Sol:
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