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Zero of Order n

Definition

A number z0 is zero of a function f if f(z0) = 0. We say that an analytic function f has a 

zero of order n at z = z0 if

A zero of order n is also referred to as a zero of multiplicity n. 

Theorem
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EX: Determine the order of zero at z=0.

Sol: 
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Pole of Order n

Theorem

Corollary
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EX 1: Locate the poles of                              and specify their order.

Sol:

EX 2: Locate the poles of                         and specify their order.

Sol:
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Residue

Definition

If f(z) has a singularity at z=z0 inside C but is otherwise analytic on C and inside C. 

Then f(z) has a Laurent series 

that converges for all points near z=z0, in some domain 0<|z-z0|<R.

The coefficient b1 is called the residue of f(z) at z=z0. Recall that

we have
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EX 1: Integrate                          counterclockwise around the unit circle. 

Sol:

EX 2: Integrate                         clockwise around the circle                . 

Sol:

EX 3: Integrate                     counterclockwise around the circle               .

Sol:

中央大學通訊系張大中 7Complex Analysis: Unit-4

4( ) sinf z z z−=

3 4

1
( )f z

z z
=

−

1
:| |

2
C z =

3/( ) zf z ze= :| | 4C z =

1

1
the residue 

3!
b = −



Residue at a Simple Pole

Theorem

Proof:
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Residue at a Pole of Order n

Theorem

Proof:
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EX 1: Compute the residues at the singularities of 

Sol:

EX 2: Compute the residues at the singularities of 

Sol: This function has a pole of order 2 at z=0 and a pole of order 3 at         . 
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Residue at a Simple Pole 

Theorem

Suppose a function f(z) can be written as a quotient f(z) = p(z)/q(z), where p(z) and q(z) are 

analytic at z = z0 . If p(z0)   0 and if the function q(z) has a simple zero at z0 , then f (z) has a 

simple pole at z = z0 and

Proof:

Example:                      Find                .

Ans: -5i.
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EX 1: Compute the residue at each singularity of                  . 

Sol:

Since cot z =cos z/sin z, the singularities of this function are simple poles 

occurring at the points                                    . 

EX 2: : Compute the residue at each singularity of 

Sol: 

has four simple poles, 
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Cauchy’s Residue Theorem

Theorem

Proof:
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EX 1: 

Sol:

EX 2:

Sol:
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EX 3:

Sol:

EX 4: Evaluate                      in the counterclockwise sense where                 . 

Sol:
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EX 5: Evaluate                      in the counterclockwise sense where  C is the unit circle. 

Sol:
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Trigonometric Integration

Consider the following integrals

The basic idea here is to convert the real trigonometric integral  into a complex integral, where 

the contour C is the unit circle |z| = 1 centered at the origin.

Let

We have that 

中央大學通訊系張大中 17Complex Analysis: Unit-4



EX 1: Evaluate                    . 

Sol:

Exercise: Evaluate

Ans:
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EX 2: Evaluate                    . 

Sol:
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Improper Integral
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Cauchy Principal Value

Example: Find P.V.                 .  

Sol:
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Cauchy Principal Value of the Integral of Rational Functions

Theorem

Let                     , where P and Q are polynomials of degree m and n, respectively. If                

for all real x and                , then

where                   are the poles of         that lie in the upper half-plane.    

Proof:
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EX 1: Evaluate                                   . 

Sol:

EX 2: Evaluate                          .

Sol:
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Jordan’s Lemma in Upper Half-Plane
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Jordan’s Lemma in Lower Half-Plane
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Theorem

Proof:



Fourier Integrals

Corollary

Let  P and Q are polynomials of degree m and n, respectively. If                for all real x

and                , then

That is,

We have

where           and                    are the poles of                   that lie in the upper half-plane.    
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EX 1: Evaluate                          . 

Sol:
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EX 4: Evaluate                          . 

Sol:
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(Method #2)



Improper Integrals
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Integral of Indented Contour

Theorem

Proof:
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Integral of Indented Contour of Rational Functions
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EX 1: Evaluate                                        . 

Sol:
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Integral of Indented Contour of Rational Functions
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Fourier Integral of Indented Contour of Rational Functions
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EX 1: Evaluate                        . 

Sol:
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EX 2: Evaluate                                   . 

Sol:
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Motivation:  Since the integration involving      is a multiple-valued function, we can 

force      to be single valued for              by restricting θ to some interval of length     . 

We use the branch of the logarithm        as

where z≠0 and                  is a branch of    . 

Theorem

Let                  , where P and Q are polynomials of degree m and n, respectively, 

and             . If              for x>0 and        has a zero of order at most 1 at the origin, 

and             , then

where                   are the nonzero poles of        .    

Integration Along a Branch Cut
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Proof:
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EX 1: Evaluate                                     . 

Sol:
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EX 3: Evaluate                                      . 

Sol:
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EX 5: Evaluate                                      . 

Sol:
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Argument Principle

Theorem

Let C be a simple closed contour lying entirely within a domain D. Suppose f is 

analytic in D except at a finite number of poles inside C, and that               on C. 

Then

where      is the number of zeros of f that lie inside C and is the number of poles 

of f that lie inside C.

Proof:
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EX 1: Evaluate                           where                 is positively oriented.    

Sol:

EX: Evaluate                          where                  is positively oriented.

Ans:   
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Laplace Transform

Definition

Let f(t) be a real function and s be a complex variable. The Laplace transform of f(t)

is defined as

and is denoted as               . The corresponding inverse pair is                              . 

Example
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Exponential Order c

Definition

A function f is said to be exponential order c if there exist constants c>0, M>0, 

and T>0 so that                    , for t>T.

Remark 1:                  is bounded; that is,                        for t>T.

Remark 2: The condition                    for t>T states that the graph of f on the 

interval           does not grow faster than the graph of the exponential 

function        .
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Sufficient Conditions for Existence of Laplace Transform

Theorem

Proof:

中央大學通訊系張大中 54Complex Analysis: Unit-4



Table of Laplace Transform
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Proof of Laplace Transform Pairs:



Laplace Transform of Time-Shift Functions

Definition

Laplace Transform of Time-Shift Functions

Proof:
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Laplace Transform of the Derivative and Integral

- Laplace Transform of the Derivative:

- Laplace Transform of Integral:
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Proof:



Ex 1:

Solution: 
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EX 2:

Sol:
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Inverse Laplace Transform

Theorem (Mellin’s Inverse Formula)

Remark:
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Proof:
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EX 1:

Sol:

Note: 
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EX 2:

Sol:

Note: 
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EX 3:

Sol:
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Definition of Fourier Transform and Inverse Fourier Transform

Definition

Let f(t) be a real function defined on the interval              and     is a real variable.

The Fourier Transform of f(t) is defined as

and the inverse Fourier Transform is
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Fourier Transform

Example: Find the Fourier transform of                . 

Sol:
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Fourier Transform of the Derivative

Theorem

Proof:
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Inverse Fourier Transform

Ex1: Find the inverse Fourier transform of                           .

Sol:
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Ex2: 

Sol:
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Ex3: 

Sol:
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Numerical Validation for Ex3:


